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Abstract
We present a unified description of gravity and electromagnetism in the frame-
work of a Z2 noncommutative differential calculus. It can be considered as a “dis-
crete version” of Kaluza-Klein theory, where the fifth continuous dimension is re-
placed by two discrete points. We derive an action which coincides with the dimen-
sionally reduced one of the ordinary Kaluza-Klein theory.
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Recently, Connes [1, 2] has proposed a new construction of noncommutative geometry
where the basic objects are an algebra A (possibly noncommutative), a Hilbert space
on which the algebra acts, and a “Dirac operator” on the Hilbert space. The algebra
generalizes the idea of a manifold and the operator prescribes the rule for differentiation
and provides the metric structure.
Within the general framework of Connes, different realizations of the geometry with
different algebras and different Dirac operators have been proposed leading to various
applications in particle physics [3]. One such version due to Connes and Lott [4], is
based on regarding the space-time to be a direct product of a Riemannian manifold and
a discrete “two-point” space. A gauge field on such a generalized space-time consists
of the usual gauge field in the Riemannian manifold and a Higgs field as a part of the
connection in the discrete internal space. Thus, it lends itself to a unified geometric
description of the bosonic fields including both the ordinary gauge fields and Higgs fields.
And what is remarkable is that the action constructed on such a generalized space contains
a spontaneous symmetry-breaking Higgs potential.
An alternate way of picturing this generalized space-time is along the lines of Kaluza-
Klein theories [5], in which the continuous extra fifth dimension describing the internal
space is replaced by a finite number of discrete points. The advantage of this approach
over the ordinary Kaluza-Klein theory is that there is no truncation of any physical
modes, while in the latter an infinite number of massive modes is truncated. Since this
is a new concept of space-time, it is natural to investigate its implication on gravity
within the framework of noncommutative geometry. A first step in this direction was
taken by Chamseddine, Felder and Fro¨hlich, who employed a vielbein and a connection
in generalized Cartan structure equations. This has led to Einstein’s gravity along with
a massless scalar field coupled to gravity and a cosmological constant [6]. The Wodzicki
residue has also been used to obtain gravity with a cosmological constant [7]. Since
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the analysis of these authors can be extended to a generalized space consisting of an
arbitrary number of discrete points, the question arises regarding how the vector fields
in the Kaluza-Klein theory disappear when we approximate the compact internal space
by a finite number of discrete points. Does discretization eliminates the vector modes
altogether?
This note addresses the above question. We show that in the simplest version of a
generalized space-time with two discrete points, one can formulate a noncommutative
geometry which includes a symmetric tensor, a vector and a scalar fields. In other words,
we can construct a Kaluza-Klein type unified Einstein-Maxwell theory. In fact, in [7] a
vector field was included in the connection and was shown that it dropped out completely.
As we shall see, this does not happen if the vector fields are introduced in the vielbein ‡.
In this brief note, we shall limit the mathematical details to the necessary minimum
and concentrate on the physical aspects of the model. More details will appear elsewhere
[9].
We consider a noncommutative geometry a` la Connes [2] built on a Z2 algebra, Ω
0 =
A = C∞(M) × Z2, where C
∞(M) is the algebra of smooth real functions on the four
dimensional manifold M. That is to say, any element F ∈ Ω0 can be expressed as
F (x) = f˜1(x)e + f˜2(x)r , (1)
where
e, r ∈ Z2 : e
2 = e, er = re = r, r2 = e . (2)
We can realize this algebra A by mapping it into the algebra of 2× 2 matrices,
π(e) =
(
1 0
0 1
)
, π(r) =
(
1 0
0 −1
)
,
‡After completing the work we received a preprint by Sitarz [8], which has some similar elements in
the mathematical construction as ours, but the final result is not different from the previous ones for the
same reason.
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π(F ) =
(
f1(x) 0
0 f2(x)
)
= f˜1(x)
(
1 0
0 1
)
+ f˜2(x)
(
1 0
0 −1
)
, (3)
where f1, f2 are obvious combinations of f˜1, f˜2.
The second crucial ingredient of noncommutative geometry is the Dirac operator. We
will follow the idea of Connes to construct it in parallel with the ordinary commutative
geometry. Let EN (N = µ, 5) be a linearly independent ‘tangent basis’ which acts on Ω
0
by the commutator,
EN(F ) = [EN , F ]. (4)
It has the following realization
Eµ =
(
∂µ 0
0 ∂µ
)
, µ = 1, · · · , 4 ,
E5 =
(
0 m
−m 0
)
, (5)
where m is a c-number with the dimension of mass.
It is easy to verify that EN satisfies the Newton-Leibnitz rule,
EN(FG) = EN(F )G+ FEN(G). (6)
Hence, we can consider EN as derivations in the Z2- noncommutative geometry and denote
them by DN
.
= EN . The possibility to enlarge the ‘tangent basis’ by an outer automor-
phism D5 enriches the structure of noncommutative geometry. Without it the geometry
is of commutative character.
Working in the Hilbert space of spinors, Connes [2, 4] chose the ‘cotangent basis’ ΓM
of the extended Dirac matrices as follows
Γµ =
(
γµ 0
0 γµ
)
, Γ5 =
(
γ5 0
0 −γ5
)
. (7)
Hence, the Dirac operator in the Z2-noncommutative geometry has the self-adjoint
realization
6D
.
= ΓNDN ≡
(
6∂ γ5m
γ5m 6∂
)
. (8)
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The choice (7) of Γ5 leads to
{6D,Γ5} = 0 . (9)
Since in this paper we are not working in the Hilbert space of spinors, we need an alter-
native realization for the ‘cotangent basis’ ǫN . We can choose the realization
DXµ ≡ ǫµ
.
=
(
dxµ 0
0 dxµ
)
, µ = 1, · · · , 4 ,
DX5 ≡ ǫ5
.
=
(
θ 0
0 −θ
)
, (10)
where θ is a Clifford element satisfying
θ2 = 1 , θdxµ = −dxµθ . (11)
In our formalism θ replaces γ5 when we are not working on the Hilbert space of spinors.
The exterior derivative operator D is given by
D
.
= DXNDN ≡
(
d θm
θm d
)
, (12)
where d denotes the exterior derivative on M. The exterior derivative acts on a function
F = (f1, f2) ∈ Ω
0 as follows:
DF
.
= DXNDNF =
(
df1 θm(f2 − f1)
θm(f1 − f2) df2
)
, (13)
or in the Γ-realization
6DF
.
= [6D,F ] =
(
6∂f1 γ
5m(f2 − f1)
γ5m(f1 − f2) 6∂f2
)
. (14)
A ‘vector field’ V ∈ Λ1 in the Z2-noncommutative geometry can be defined as follows
V
.
= V NDN =
(
v
µ
1 (x)∂µ mv1(x)
mv2(x) v
µ
2 (x)∂µ
)
, (15)
where V N are elements of Ω0.
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A ‘covector field’ or 1-form U ∈ Ω1 is defined as
U
.
= DXNUN =
(
dxµu1µ(x) θu1(x)
θu2(x) dx
µu2µ
)
, (16)
where
U5
.
=
(
0 1
−1 0
)
U , (17)
and Uµ, U are element of Ω0.
The definition of the fifth component of the 1-form by the rule (17) is implied by the
natural requirement that the element DF be a 1-form.
It is possible to construct higher differential forms and a differential algebra from the
following definition of the wedge product
DXµ ∧DXν
.
=
(
dxµ ∧ dxν 0
0 dxµ ∧ dxν
)
≡ −DXν ∧DXµ,
DX5 ∧DXµ
.
=
(
θdxµ 0
0 θdxµ
)
≡ −DXµ ∧DX5,
DX5 ∧DX5
.
= 0 (18)
Alternately, we could have postulated DX5 ∧ DX5 6= 0 and recover the construction of
Coquereaux et al. [3]. Our construction treats “X5” as an ‘even’ element on an equal
footing with the space-time coordinates “Xµ”.
A general p-form Wp ∈ Ω
p is defined as
Wp
.
= DXN1 ∧ ... ∧DXNpWN1...Np. (19)
By generalizing the rule (17), we can express the components WN1....Np in the form,
WN1....Np =
(
0 1
−1 0
)r
Wν1....νp−r , (20)
where r=0,1 ; νi is the i-th index, which is different from 5 and Wν1...νp−r ∈ Ω
0. If the
index 5 appears more than once, the component is zero.
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The exterior derivative DWp ∈ Ω
p+1 of a p-form Wp ∈ Ω
p and the wedge product
W1p ∧W2q ∈ Ω
p+q of a p-form W1p ∈ Ω
p and a q-form W2q ∈ Ω
q are defined to be
DWp = DX
M ∧DXN1 ∧ .... ∧DXNpDMWN1...Np,
W1p ∧W2q = DX
N1 ∧ ... ∧DXNp ∧DXNp+1 ∧ ... ∧DXMp+qW1N1...NpW2Np+1...Np+q .(21)
We have the following essential properties for the exterior derivative,
D2Wp = 0 , ∀ p ,
D(Wp ∧Wq) = DWp ∧Wq + (−1)
pWp ∧DWq . (22)
The noncommutative character of our geometry is reflected in the fact that Wp ∧Wq and
Wq ∧ Wp are not related in general to each other by a simple factor as in the case of
ordinary commutative geometry.
Although in what follows the geometrical objects we construct resemble those of or-
dinary geometry, their noncommutative character dictates strictly the order.
Next we introduce an orthonormal basis of vielbein {EA} (A = a, 5). As a direct
generalization of vielbein, EA are 1-forms in the Z2-noncommutative geometry, E
A .=
DXMEAM , whose general expression is as follows,
Ea
.
=
(
ea1 θf
a
1
θfa2 e
a
2
)
, a = 1, · · · , 4 ,
E5
.
=
(
a1 θφ1
θφ2 a2
)
, (23)
where ea1, e
a
2 are vielbein onM, a1, a2 are 1-forms onM and f
a
1 , f
a
2 , φ1, φ2 are real function
on M.
As in the usual Riemannian geometry, we still have a degree of freedom to choose the
following forms for vielbein without any loss of generality:
Ea
.
=
(
ea1 0
0 ea2
)
, a = 1, · · · , 4 ,
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E5
.
=
(
a1 θφ1
θφ2 a2
)
. (24)
In this paper, we are particularly interested in the self-adjoint vielbein
Ea
.
=
(
ea 0
0 ea
)
= DXµeaµ
E5
.
=
(
a θφ
θφ a
)
= DXµaµ +DX
5
(
0 1
−1 0
)
φ(x). (25)
while the general case will be treated elsewhere [9]§.
Having a vielbein we can construct a metric tensor G. We will think of G as a
functional [2] G : Ω1 × Ω1 −→ A , such that
G(UF,WH) = F †G(U,W )H , ∀ U,W ∈ Ω1 , F,H ∈ Ω0. (26)
In the EA-basis, the metric is taken to be
G(EA, EB) = ηAB ,
ηAB = diag(−1, 1, 1, 1, 1) . (27)
In the DXM -basis we will have
GMN = G(DXM , DXN) = EM †A η
ABENB , (28)
where EMA are the inverses of E
A
M .
It is worth noting that this metric is symmetric with the particular vielbein (25), but
is not in the general case allowed by Z2-noncommutative geometry.
§ In the Eq.(25), by setting a = 0 we obtain the vielbein used by Chamseddine et al. [6] as a particular
case. It is worth noting that, if we use the vielbein (25) in a Dirac operator approach to gravity [7], the
Dirac operator is still self-adjoint and obeys Eq.(8), provided we take for the Γ5 the appropriate “curved”
one.
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Following Connes [2], we define the connection through a covariant derivative ∇
∇ : Ω1 −→ Ω1 ⊗A Ω
1 ,
∇(UF ) = (∇U)F + U ⊗DF . (29)
Here the tensor product Ω1 ⊗A Ω
1 is generated by elements {U1 ⊗ U2;U1, U2 ∈ Ω
1} with
the relation U1F ⊗ U2 = U1 ⊗ FU2 for any F ∈ Ω
0.
A connection is equivalently given by a set of connection one-forms ΩAB ∈ Ω
1, the
relation being
∇EA = EB ⊗ ΩAB . (30)
The Cartan structure equations define torsion and curvature of a given connection as
follows
TA = DEA −EB ∧ ΩAB , (31)
RAB = DΩ
A
B + Ω
A
C ∧ Ω
C
B , (32)
where TA and RAB are 2-forms.
As in the case of ordinary Riemannian geometry, we can impose the torsion free
condition TA = 0 . Then the structure equation (31) reduces to
DEA = EB ∧ ΩAB , (33)
The connection is said to be a Levi-Civita one it it is also metric compatible, that is
if it satisfies
D(G(U,W )) = G˜(∇U,W ) + G˜(U,∇W ) , ∀ U,W ∈ Ω1 . (34)
Here G˜ is the extension of the metric given by
G˜(U1 ⊗ U2,W ) = U
†
2G(U1,W ) ,
G˜(U,W1 ⊗W2) = G(U,W1)W2 , ∀ U, U1, U2 W,W1,W2 ∈ Ω
1 , (35)
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where † denotes the adjoint.
By using the fact that we have a self-adjoint vielbein, condition (34) gives
ΩACη
CB + ηACΩBC = 0 . (36)
The structure equation (33) and condition (36) determine the connection 1-forms ΩAB
uniquely. From ΩAB we can derive the curvature 2-forms R
A
B and their components
RABCD, R
A
B = E
C ∧ EDRABCD.
After a little algebra, the scalar curvature R = RABADη
BD is found to be
R = R4 − 2
✷φ
φ
−
1
4
ΨabΨ
ab , (37)
where
R4 is the 4− dimensional Ricci scalar
✷ = ∇µ∂µ , ∇µ is the 4− dimensional covariant derivative
Ψab = e
µ
ae
ν
b [(∂µaν − ∂νaµ) + aµ
∂νφ
φ
− aν
∂µφ
φ
] . (38)
We can redifine the vector field aµ → φaµ and obtain
R = R4 −
2✷φ
φ
−
1
4
φ2fµνf
µν , (39)
where fµν = ∂µaν − ∂νaµ.
The expression for the scalar curvature R in (39) is identical to that in Kaluza-Klein
theory [5], when one retains only the zero-modes in the expansion with respect to the
fifth coordinate and assumes that the fields are independent of this coordinate. We could
then obtain the action by a suitable integration of
√
−det|G|R. Here det|G| denotes the
determinant of our generalized metric defined above and is given as follows
det|G|
.
=
1
5!
ǫN1N2N3N4N5ǫM1M2M3M4M5G
N1M1GN2M2GN3M3GN4M4GN5M5
=
1
4!
ǫν1ν2ν3ν4ǫµ1µ2µ3µ4G
ν1µ1Gν2µ2Gν3µ3Gν4µ4G55 ≡ det|g|φ 1 (40)
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where det|g| is the determinant of the 4-dimensional metric and ǫ are fully antisymmetric
Levi-Civita tensors. If we take the trace of the 2 × 2 matrix as the integration over the
discrete coordinate, we obtain
S ∼
∫
d4x
√
−det|g|φR, (41)
which reproduces the Kaluza-Klein action up to a proportional constant. The parameter
m replaces the radius of the compactified circle in the fifth dimension of the Kaluza-
Klein theory¶. Thus, in the model based on the vielbein (25), we have the dimensionally
reduced Kaluza-Klein theory with massless tensor, vector and scalar fields. The most
general vielbein of Eq.(24) yields a full Kaluza-Klein theory, with a finite number of
fields. The field content of the full theory contains a pair of tensors, a pair of vectors and
a pair of scalar fields without imposing any truncation condition. In each pair, one field is
massless and the other is its massive excitation. The inconsistencies of the Kaluza-Klein
theory that arise when one truncates the spectrum by including only a finite number of
massive modes are absent in the noncommutative geometric approach. These matters
and further details of mathematical formalism will be presented elsewhere [9].
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